1. In this note we first generalize a result of P. R. Halmos [3] concerning commutators of (bounded ) operators on Hubert space. Then we obtain some partial results on a problem of commutators in von Neumann algebras which is closely related to another problem raised by Halmos in [4]. Let 3C be any (infinite-dimensional) Hubert space, and let £(3C) denote the algebra of all bounded operators on 3C. We follow Halmos [3] in calling a subspace 3CC3C large if X contains infinitely many orthogonal copies of 3C03C. Halmos proved in [3] that any operator in £(3C) with a large reducing null space is a commutator (of two bounded operators in £(3C)). We generalize this to Theorem 1. Any operator in £(3C) which has a large null space is a commutator.
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The construction involved in the proof of this theorem is a generalization of Halmos' construction in [3] , and our construction actually yields a slightly more general result than Theorem 1. This more general result does not admit a nice formulation on nonseparable spaces, but on separable spaces it is easy to describe. Theorem 2. Let X be a separable Hubert space and let 3C = 3C©3C. If this decomposition of X is used to write every operator TE&Í3&) as a 2X2 operator matrix where the entries are operators on 3C, then every operator TE&ÍX.) of the form where C is a compact operator, is a commutator.
For separable spaces, Theorem 1 is a special case (C=0) of Theorem 2, and the proof of Theorem 1 for nonseparable spaces is an easy modification of the proof of that theorem for separable spaces. Thus we confine ourselves to proving Theorem 2. (c) for each i^2, \\P \x,\\ =||C|x<|| <l/24.
Proof. If P has an infinite-dimensional null space 91, take 3Ci to be the direct sum of 3C©91 and a sufficiently large subspace 9TCC31 to ensure that 3Ci is infinite-dimensional.
Arrange it so that 91©9TC remains infinite-dimensional, and write 91©9TC= 3C2©3C3© • • • , where X2, 3C3, • • •' are also infinite-dimensional.
If 91 is finite-dimensional, then
where each ai is a positive scalar, {«j} -»0, and the £< are mutually orthogonal projections on finite-dimensional spaces. Now the problem is essentially that of partitioning a countable set into a countable union of disjoint infinite subsets, maintaining some care so that (c) will be satisfied. We omit further details of that argument. Proof. Write 3C= X©X and write A as the sum of two operators each of which vanishes on one copy of X.
Conjecture. The author conjectures that Theorem 2 remains true if the restriction of compactness is removed from the operator C.
In [4]
, Halmos raised the question of whether every operator on a separable Hilbert space which is not a scalar modulo the compact operators is a commutator.
If the answer to this question is yes,1 and we denote the closed ideal of compact operators by Q, then the C*-algebra £(X)/e has the following property:
(S) Every nonscalar element of the algebra is a commutator of two elements in the algebra.
Calkin [l] imbeds £(3C)/e in a v.N. algebra C (acting on a nonseparable Hilbert space), and thus a related question is whether C, or for that matter any v.N. algebra, has property (S).1 A partial answer is given by the following theorem. Theorem 3. Every v.N. algebra A which is not a factor of type III contains a projection Er^l which is not a commutator in A; thus, no such A has property (S).
1 See Remark (3) at the end of the paper.
[February Proof. If A is not a factor, it follows from Kleinecke's result in [6] that every nonzero central projection fails to be a commutator in A, so that it suffices to consider the case that A is a factor. If A is a finite factor, then A possesses a numerical-valued trace, and thus any projection with nonzero trace fails to be a commutator in A. If A is a factor of type IM, then A is algebraically isomorphic to the algebra of all bounded operators on some Hubert space X and thus A contains the proper closed ideal é of compact operators on X. It follows that any projection of the form 1 -E where £ is a finite-dimensional projection cannot be a commutator in A. Whether there is .a type III factor with property (S) or not, the author does not know.1 However, the following theorem indicates that perhaps every type III factor has property (S).
Theorem 4. If Ais a factor of type III, then every AEA which has a nontrivial null space is a commutator in A. In particular, every projection Pt^-I in A is a commutator in A.
Proof. One knows that the projection £ on the null space of A is an element of A.3 It follows from repeated application of Lemma 4.12 of [5] and the fact that all nonzero projections in A are equivalent that there exists a countable family {£<} of mutually orthogonal, equivalent projections in A such that !>. = £. t
If we adjoin 1 -£ to the family {F¿} we obtain a countable family of mutually orthogonal, equivalent projections in A whose sum is 1. An application of [2, Proposition 5, p. 27] yields a unitary isomorphism of A onto the v.N. algebra B of all NoXNo operator matrices with entries from the algebra (1 -£)A(1 -£), and under this isomorphism * Actually in [7] only separable spaces are considered, but the transition to nonseparable spaces does not affect the validity of the lemma.
* Here we are assuming that every v.N. algebra contains the identity operator on the underlying Hilbert space.
